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reference, we now pursue a model in the laboratory frame 
employing relativistic quantum electrodynamics.
1 Introduction
An important insight gained already in the early days of 
the free-electron laser (FEL), especially in the articles by 
Colson [1] and Hopf et al. [2], was that the FEL can be 
completely understood in terms of classical physics [3]. 
However, recent years have seen a rising interest in a novel 
regime of FEL operation where quantum effects become 
crucial [4, 5]: the so-called quantum regime or Quantum 
FEL. For example, in Refs. [4, 5] the authors consider the 
Heisenberg equations of motion while in Ref. [6] as well as 
in Refs. [7, 8] formalisms in second quantization are dis-
cussed. Moreover, a quantum fluid model is developed in 
Ref. [9] and in Refs. [10, 11] the authors use the Klein–
Gordon equation coupled to classical electromagnetic fields 
to derive a dispersion relation.
While in all these approaches the respective sets of equa-
tions were solved and the quantum regime was identified as 
one limit of the solution, our article [12] on the Quantum 
FEL takes a different route: We search in the dynamical 
Abstract In the quantum regime of the free-electron laser, 
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equations for a regime where quantum mechanics becomes 
prevalent and solve these equations in an asymptotic 
way. To achieve this goal, we have used a nonrelativistic 
approach in the co-moving Bambini–Renieri frame  [13, 
14]. In contrast, we develop in the present article a fully 
relativistic model in the laboratory frame and derive within 
this framework the conditions to enter the quantum regime.
1.1  Conditions for Quantum FEL
In Refs. [12, 15–17], we have shown that quantum effects 
become important for the FEL dynamics when the discrete 
quantum mechanical recoil due to the scattering of the 
electron is the dominating momentum scale. Moreover, we 
have defined the quantum regime of the FEL as the limit 
where the electron occupies only two resonant momentum 
states giving rise to a system analogous to the Jaynes–Cum-
mings model [18], where a two-level atom interacts with a 
quantized mode of the radiation field.
This transition to the quantum regime is quantified by 
two conditions: The first one relates to the ‘quantum param-
eter’ α which is defined as the ratio of the coupling strength 
between the electron and the fields, and a frequency con-
nected to the quantum mechanical recoil. To be in the quan-
tum regime, α has to be much smaller than unity.
The second requirement for the Quantum FEL demands 
the width p of the initial momentum distribution to be 
smaller, or of the order of the recoil.
To analyze these two conditions for a possible experi-
mental realization, we have expressed α and p in the labo-
ratory frame by transforming from the co-moving frame to 
the laboratory frame. With this procedure, we have 
obtained [12] the requirement1
for the quantum parameter α where g, n, m and  denote the 
coupling constant between the electron and the fields, the 
number of laser photons, the mass of the electron and the 
reduced Planck constant, respectively, while γ is the scaled 
energy of the electron. The wave numbers of the laser field 
and the wiggler are given by kL and kW, respectively.
On the other hand, we have found the condition [12]
1 In Ref. [12], we have rewritten α in terms of the wiggler param-
eter a0, the electron density ne, the classical electron radius re and the 
Compton wavelength C. Indeed, the form


























on the relative energy spread �γ/γ of the electron beam 
with the Compton wavelength C of an electron and the 
wiggler wavelength W ≡ 2π/kW.
However, we could have taken a more direct route avoid-
ing the detour to the Bambini–Renieri frame and perform 
the calculations in the laboratory frame. The price for this 
procedure is of course that we have to use the more tedious 
methods of relativistic quantum electrodynamics instead of 
the straightforward nonrelativistic computations.
Nonetheless, the physical situation in both frames of ref-
erence is the same and we should find analogous results. 
Hence, we formulate the goal of the present article: Find 
the conditions for the Quantum FEL in a fully relativistic 
approach, and compare them to the ones obtained in the 
framework of the Bambini–Renieri frame.
1.2  Outline
Our article is organized as follows: In Sect. 2, we review 
a model [19, 20] for a quantum theory of the FEL in the 
laboratory frame based on the Furry or bound interaction 
picture [21] as well as on the Volkov solution [22].
With the help of this model, we derive in Sect. 3 the 
conditions for the Quantum FEL in the laboratory frame, 
which turn out to be equivalent to the ones of Ref. [12]. For 
our calculations, we restrict ourselves to a single-electron 
model which limits us to the low-gain regime of FEL oper-
ation. Moreover, we solve the FEL dynamics in a pertur-
bative manner, which is only valid for short times. Despite 
these simplifications, we are able to identify the important 
parameters governing the transition from the classical to 
the quantum regime of the FEL. In Sect. 4, we summarize 
our results.
Appendices A and B give a more detailed description of 
the Furry picture and the Volkov solution, respectively. In 
Appendix C, we present the calculations of second-order 
perturbation theory to prove also in the laboratory frame 
that multi-photon processes are suppressed in the Quantum 
FEL.
2  Quantum model of FEL in laboratory frame
Due to the relativistic velocities of the electrons in the labo-
ratory frame, we have to use methods of relativistic quan-
tum electrodynamics to establish a quantum theory of the 
FEL in this frame of reference. A suitable model, intro-
duced in Refs. [19, 20], can be found in the so-called Furry 
or bound interaction picture [21]. In this description, the 
effects of the wiggler field, which is modeled as a classical 
and fixed quantity, are incorporated into the free dynamics 
of the electron while the quantized laser field acts as a per-
turbation of this motion.
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Due to difficulties in treating multi-photon pro-
cesses [23], which are crucial for the classical FEL [24], 
this relativistic model was discarded and theories were 
developed [25] in the co-moving Bambini–Renieri frame.2 
However, since processes involving more than one photon 
are strongly suppressed [12] in the Quantum FEL, we 
assume that the Furry picture is a good starting point for 
our investigations.
To introduce our model, we first consider the electro-
magnetic fields and then turn to the electron. We conclude 
by discussing the interaction between the electron and the 
fields, and deriving the Hamiltonian for the FEL in the lab-
oratory frame.
2.1  Wiggler and laser fields
Due to its high intensity, we assume that the wiggler field 
can be treated as a classical and fixed electromagnetic 
field. In contrast, we describe the laser field in second 
quantization.
We model the four-potentials
and
of the laser field and of the wiggler as two counterpropa-
gating one-mode plane waves with the vacuum amplitude 
AL for the laser, and the amplitude A˜W for the wiggler. The 
four-vector x ≡ xµ ≡ (ct, r) specifies time t and position r 
in the four-dimensional Minkowski space, while c denotes 
the speed of light.
The photon annihilation and creation operators aˆL and 
aˆ
†
L fulfill the commutation relation [aˆL, aˆ
†
L] = 1, while the 
potentials obey circular polarization with the polarization 
vectors ǫ · ǫ = ǫ∗ · ǫ∗ = 0 and ǫ · ǫ∗ = −1, written in a 
four-dimensional form.
The scalar products of the four-wave vectors kL 
and kW with themselves vanish for plane waves, i.e., 
kL · kL = kW · kW = 0, provided we consider the case of 
a laser wiggler. In the case of a magnetostatic wiggler, 
kW · kW would give a nonzero contribution, because the 
zeroth component which corresponds to the frequency of 
the field is zero in this case.
2 Even the relativistic quantum theory of the FEL pursued in 
Refs. [24, 26] is effectively in the Bambini–Renieri frame. Indeed, 
this approach begins by using the Klein–Gordon equation in the labo-
ratory frame, but after several transformations of variables one repro-
duces the same equations of motion as if one had considered the co-














Since for an experimental operation of a Quantum FEL 
a laser wiggler or ‘optical undulator’ [27–30] was proposed 
[31], we concentrate in this article on this kind of undulator. 
However, even for a magnetostatic wiggler we find results 
[20] analogous to the optical ones, because in its rest frame 
the electron experiences the wiggler as a counterpropagat-
ing wave at approximately the speed of light [13, 14].
2.2  Electron in wiggler field
To simplify our calculations, we use the Klein–Gordon 
instead of the Dirac equation, which is justified since spin 
effects in the FEL can be neglected [32]. Indeed, according 
to Ref. [23] the corrections due to the spin scale with the 
ratio of the energy of a single laser photon and the kinetic 
energy of the electron in the laboratory frame. Although 
one expects that in the quantum regime a genuine quantum 
mechanical quantity such as the photon energy plays a sig-
nificant role, it is still much smaller than the energy of the 
massive electron moving at relativistic velocities. Hence, 
we can safely neglect spin effects in any description of the 
FEL—in the classical as well as in the quantum regime.
The unperturbed dynamics of the Klein–Gordon field 
operator ϕˆ(x) in the Furry picture is determined by the 
Klein–Gordon equation including the interaction of the 
electron with the wiggler field, which is derived in Appen-
dix A. To obtain a particle interpretation of the electron 
field, we first have to find a solution of the corresponding 
Klein–Gordon equation
for the ‘classical’ field ϕ(x). Here, m0 and e describe 
the mass of the electron and the elementary charge, 
respectively.
The Volkov solution of Eq. (5) is derived in Appendix B 
and reads
where
denotes the effective four-momentum of the electron in the 
wiggler and pf is the momentum of the free electron before 
it enters the wiggler.
The effective mass m is connected to p and to the ‘free 















(8)p · p = m20c2 + 2e2A˜2W ≡ m2c2.
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The fact that we are dealing with the effective electron 
momentum, p, instead of the free one, pf, can be inter-
preted by a dressed electron model, where the effects of the 
external field AW are already taken into account in form of 
the effective mass and momentum.
Other quantities that occur in the Volkov solution, 
Eq. (6), are the relativistic factor γ ≡ p0/mc and the quan-
tization volume V.
In order to arrive at the familiar particle interpretation 
of the field operator ϕˆ(x), we expand [20] it in terms of the 
Volkov solutions, Eq. (6), and arrive at
where bˆp annihilates an electron with momentum p and bˆ†p 
creates one.
One could argue that the creation and annihilation opera-
tors for a scalar field fulfill bosonic commutation relations, 
[bˆp, bˆ†p′ ] = δp,p′, instead of the required anti-commutator 
relations for the fermionic electrons. However, since we 
are describing a single-electron model, the difference in the 
occupations of fermionic and bosonic many-particle quan-
tum states does not enter into our theory.
We also emphasize that the expansion, Eq. (9), consid-
ers only particle operators and the corresponding positive 
energy solutions. Indeed, we have discarded anti-particle 
operators with negative energy solutions in complete anal-
ogy to Ref. [20].
2.3  Electron in wiggler plus laser field
The Hamiltonian
describing the interaction between the electron and the 
electromagnetic fields in the Furry picture is derived in 
Appendix A and couples the electron current jˆµ to the four-
potential of the quantized laser field AˆµL.
The components
of the current corresponding to the electron in the wiggler 
field involve the field operator ϕˆ of the Klein–Gordon field 
and the four-potential AW of the classical wiggler field.
We assume that the electron is injected parallel to the 
wiggler axis which we denote as the z-direction. Hence, 
all transverse components of the initial momentum vanish. 
Since the laser field and the wiggler field form a collinear 
geometry their phases also depend only on z and due to 



















maintained in the z-direction. Hence, we can consider an 
effective one-dimensional theory for the FEL dynamics.
Thus, by examining the Volkov solution, Eq. (6), and the 
electron current, Eq. (11), we observe that only the trans-
verse components of the current, proportional to AµW(x), 
couple to the laser field AˆµL(x), because in our one-dimen-
sional model we have
For our choice of circular polarization, we can derive from 
Eqs. (3),  (4), (9),  (10) and  (11) the Hamiltonian
where
describes the emission of photons into the laser field with 
the phase
while
is the corresponding absorption term.
The coupling constant g is defined as
in complete analogy to Ref. [12].
The dynamics of the system consisting of electron 
and laser field is given by the state vector |Ψ (t)�. In the 
following, we write |Ψ (t)� in terms of photon number 
states |n� of the laser field and momentum eigenstates 
|p� ≡ |1p� = bˆ†p|0� of the electron. The vacuum |0� of the 
electron field is defined by the relation bˆp|0� = 0, valid for 
all momenta p. Projecting �n, p| on the total state |Ψ (t)� and 
taking the modulus square, that is, |�n, p|Ψ (t)�|2, gives us 
the joint probability to find n photons in the laser mode and 
the momentum p of the electron.
3  Quantum FEL in the laboratory frame
In this section, we analyze the FEL dynamics in the labora-
tory frame governed by the Hamiltonian, Eq. (13), and ulti-
mately derive the necessary requirements to enter the quan-
tum regime. First, we investigate the microscopic processes 
for the FEL from the point of view of energy–momentum 
conservation; then, we use first-order perturbation theory 
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to solve the equations of motion for the system. Finally, we 
identify the Quantum FEL as the limit where single-pho-
ton processes dominate, while multi-photon transitions are 
suppressed.
3.1  Resonance condition
For our study of the basic processes in the FEL dynamics, 
it is convenient to consider energy–momentum conserva-
tion in the formulation of co- and contravariant four-vec-
tors. As described in the previous section, we use the effec-
tive four-momentum
of the electron in the wiggler instead of the free momentum
where we have chosen the direction of the propagation par-
allel to the z-axis. Moreover, we have defined the relativis-
tic factors
and
together with the scaled velocities β and β0 such that the 
four-momentum fulfills the conditions p · p = m2c2 and 
pf · pf = m20c2.
The reason for considering the effective momentum p is 
its appearance in the Volkov solution, Eq. (6), and in the 
phase, Eq. (15), of the Hamiltonian, Eq (13). Classically it 
can be understood by identifying pµ as an effective longi-
tudinal momentum which contains the effects of the trans-
verse motion of the electron in the wiggler due to the Lor-
entz force [33].
The microscopic processes of the FEL can be described 
in terms of Compton scattering, where l wiggler photons 
with the four-wave vector
and l laser photons with the four-wave vector
interact with an electron, which possesses the initial 
momentum pµ.
Due to energy–momentum conservation, the final 
momentum p′µ of the electron reads [34]
(18)pµ ≡ (p0, 0, 0, pz) ≡ γmc(1, 0, 0,β)
(19)p
µ










W = kW (1, 0, 0,−1)
(23)k
µ
L = kL (1, 0, 0, 1)









where the minus sign occurs in the case of emission of l 
laser photons and absorption of l wiggler photons (‘emis-
sion’), while the plus sign describes the opposite process 
(‘absorption’).
We use the relation, Eq. (8), in order to eliminate the 
final momentum p′µ in Eq. (24). After straightforward alge-
bra, we observe, for fixed values of the wave numbers kL 
and kW, the resonance condition
For the time being, we neglect the recoil term in Eq. (25), 
since the photon momentum kL is much smaller than the 
electron momentum γmc, as well as kW ≪ kL. Indeed, we 
would need an unrealistic high number l of scattered pho-
tons to obtain noticeable corrections to the leading term.
Hence, we obtain for classical resonance
where only the wave numbers of the fields occur and 
no term with  is present. As shown in Appendix A of 
Ref. [12], Eq. (26) gives the velocity βBR of the Bambini–
Renieri frame relative to the laboratory frame.
Alternatively we can derive the resonance condition for 
kL with fixed kW and γ. An analogous calculation [26] 
yields the expression3
where we have defined [35] the wiggler parameter 
a0 ≡ e
√
2A˜W/(m0c). Moreover, we have made the approx-
imations 1+ β ∼= 2 and γm ∼= γ0m0, which can be easily 
derived from β  1 and pf · kW = p · kW.
We emphasize that neglecting the recoil contribu-
tions in Eq. (25) is a reasonable procedure to estimate the 
resonant velocity for the electron relative to the labora-
tory frame. However, the recoil is the reason for gain in 
the FEL regardless of whether we consider the classical 
regime, where many photons are scattered, but the discrete 
nature of the jumps is washed out, or we are in the quantum 
regime where only few photons are scattered. Hence, we 
have to consider the relative velocity of the electron with 
respect to the resonant one, Eq. (26), in a complete theory 
of the FEL.
In other words, the recoil term in Eq. (25) gives a non-
relativistic correction to Eq. (26) which may or may not 













3 We note that the result for the resonant wave number kL differs by a 





P. Kling et al.
1 3
9 Page 6 of 14
recoil corrections in Eq. (25) are much smaller than unity 
while the scaled velocity βBR of the Bambini–Renieri 
frame is close to unity. For this reason we can identify the 
recoil terms as nonrelativistic which justifies the approach 
in the co-moving frame of Ref. [12].
We now further rewrite the expression in Eq. (25). With 
the help of the identity
derived in Appendix A of Ref. [12], we obtain the form
for the recoil term in Eq. (25). Here we have defined the 
quantum mechanical recoil
which is the change of the electron momentum in z-direc-
tion due to a single scattering process according to Eq. (24).
Finally we cast Eq. (25) into the form
where we have recalled the definition of βBR, Eq. (26), and 
have introduced the dimensionless recoil parameter
In the transition from Eq. (29) to (32), we have additionally 
approximated γBR ∼= γ since all processes take place close 
to the classical resonance.
3.2  Dynamics
The dynamics of the state |Ψ (t)� describing the motion of 
the electron and the laser field during an interaction time t 
is given by
with the time evolution operator [36]
originating from the time-dependent Hamiltonian Hˆ(t) 
given by Eq. (13).
Following Ref. [19], we extend the spatial integration in 
the z-direction to infinity in Eq. (13), while considering a 
finite integration time t. This way, the integral over space 














(30)q ≡ (kL + kW)























× Hˆ(tj)Hˆ(tj−1) · · · Hˆ(t2)Hˆ(t1)
In analogy to Ref. [12], we use perturbation theory to 
solve the dynamics, i.e., we subsequently evaluate the 
individual terms of the sum in Eq. (34). However, before 
we proceed, we examine the action of the Hamiltonian, 
Eq. (13), on a state.
As mentioned above, the Hamiltonian density can be 
split into an emission Hˆem and absorption term Hˆabs. The 
combination of the creation and annihilation operators of 
the electron and of the laser field ensures that in the time 
evolution Eq. (33), for the initial state |n, pz� consisting of 
a photon number state |n� and a momentum eigenstate |pz� , 
only a state
can be generated, where l photons are emitted into, or 
absorbed from the laser field while the electron looses or 
gains the momentum lq. The quantum mechanical recoil 
q ≡ (kL + kW) is defined according to Eq. (30).
This effect corresponds to momentum conservation in 
Eq. (24) but not to energy conservation. Due to the finite 
integration time, we will see that the zeroth component of 
the four-momentum, i.e., the energy, is not exactly con-
served leading to combinations of sinc functions in the 
probabilities.
The expansion coefficients cl in Eq. (35) represent prob-
ability amplitudes for a process involving l photons and the 
electron recoiling l times. The basis states |n± l, pz ∓ lq� 
used in this expansion are also known [37] as ‘scattering 
basis.’
In contrast to Eq. (35), we allow in the following a dis-
tribution of the initial momenta with a nonzero width. In 
accordance with Ref. [12], we assume the initial condition
which describes the situation where the initial state of 
the system is characterized by a photon number state 
with n photons in the laser field and by the wave function 
ψ = ψ(pz) of the electron depending on the momentum pz 
in z-direction.
3.3  Single‑photon processes
Finally, we are in the position to calculate the probability 
densities |c1|2 and |c−1|2 of single-photon emission and 
absorption, respectively, in lowest order of perturbation 
theory. The resulting expressions for |c±1|2 involve the 
selectivity functions S± which contain the resonance con-
ditions for absorption and emission discussed in Sect. 3.1. 
Moreover, they are also sensitive to the initial momentum 
distribution of the electron. Indeed, the displacement of 




cl(t)|n+ l, pz − lq�
(36)cl(pz; 0) = δl,0ψ(pz)
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the momentum distribution leads to the conditions for the 
Quantum FEL.
3.3.1  Selectivity functions
We start our analysis by computing the first terms of 
Eq. (34), which yields
when applied to the state |n, pz�. As expected, this state has 
the same form as the expansion Eq. (35), with only three 
nonvanishing contributions, that is, for l = 0 as well as for 
l = 1 and l = −1.
After straightforward algebra and using the initial condi-
tion Eq. (36), we arrive at the probability densities
for single-photon emission, and
for single-photon absorption. Here we have weighted 
every momentum eigenstate with the corresponding initial 
momentum distribution |ψ(pz)|2.
Moreover, we have neglected the small energy change in 
the pre-factor yielding 
√
γ ′γ ∼= γ and have introduced the 
selectivity functions
which characterize the position and the width of the reso-
nant energies.
To simplify the argument of S±, Eq. (40), we 
expand [19] the final energy
to second order in the recoil, that is,
while keeping in mind that q is always a small quantity in 
comparison with the electron momentum, characterized by 
γ ≫ 1. Moreover, we have used the fact that p′µ fulfills the 











Hˆem(t1, r)+ Hˆabs(t1, r)
�|n, pz�

















(p0(pz ∓ q)− p0 ± (kL − kW))
]
(41)p0(pz ∓ q) =
√
(pz ∓ q)2 + m2c2














where we have recalled the definitions, Eqs. (26) and (32), 
of the scaled velocity βBR of the Bambini–Renieri frame 
and of the recoil parameter Q, respectively.
Hence, the resonances are centered around βBR and 
shifted to the left for absorption or to the right for emission, 
by the recoil term Q/2. This structure is already predicted 
by energy–momentum conservation4 in Eq. (31).
3.3.2  Conditions
We now use the results of first-order perturbation theory 
to derive the requirements for realizing the Quantum FEL. 
Here we follow closely the arguments of Ref. [12].
Quantum parameter Therefore, we introduce the recoil 
frequency
in the laboratory frame. The connection to the correspond-
ing quantity, introduced in Eq. (6) of Ref. [12] in the Bam-
bini–Renieri frame, is achieved by considering the product 
ωrt and not by just transforming ωr. The latter transforma-
tion yields a factor of γ−2. On the other hand, the interac-
tion time t′ in the Bambini–Renieri frame has to be trans-
lated via t′ → t/γ to t in the laboratory frame, due to time 
dilatation. These two steps provide us with the depend-
ency on γ−3 of ωrt in the laboratory frame as predicted in 
Eq. (44).
As depicted in Fig. 1, the parameter ωrt is a measure 
for the width and the separation of the resonances. In the 
classical case, that is, for ωrt ≪ 1, the selectivity func-
tions overlap. For large recoil, that is, for ωrt ≫ 1, these 
functions are well separated and possess a small width. 
This limit with two distinguishable and sharp resonances, 
defines the quantum regime of the FEL.
For the asymptotic expansion of the time evolution, 
Eq. (34), to converge, we require that the expansion param-
eter gt
√
n/γ, which emerges in Eqs. (38) and (39) is small, 
i.e., gt
√
n/γ ≪ 1. We emphasize that the connection to the 
parameter gt′
√
n of the nonrelativistic theory of Ref. [12] is 











4 In contrast to the derivation of Q in Eq. (31), we did not have to 
make the approximation γBR ≈ γ when we derived Eq. (43). This dif-
ference stems from the fact that we have performed a Taylor expan-
sion of the relativistic square root in Eq. (41) to linearize the argu-







= (kL + kW)
2
4γ 3m
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The ratio α of the expansion parameter gt
√
n/γ to ωrt 
can be written as
where the inequality emerges for the quantum case 
ωrt ≫ 1 . That is why we call α the ‘quantum parameter.’
This definition is identical to the one in Eq. (1), when 
we recall the expression q ≡ (kL + kW) for the recoil. 
In Ref. [12], this expression was derived by rewriting the 
result in the Bambini–Renieri frame in terms of the labora-
tory frame.
We emphasize that the dependency of the quantum 
parameter in Eq. (45) on γ 2 does not mean that a low 
energy leads to a small α. In Ref. [12], we have shown that 
α in fact is suppressed for increasing energies when we 






express the recoil q ≡ (kL + kW) solely in terms of γ and 
kW and not in terms of the wave number kL of the laser. 
Indeed, by inspecting Eqs. (27) and (28) and setting 
γBR ≈ γ we obtain that α is proportional5 to γ−2.
Energy spread The second requirement for a Quan-
tum FEL derived in Ref. [12] concerns the relative energy 
spread �γ/γ of the electron beam. To obtain this condi-
tion in our present approach, we have to consider the initial 
momentum distribution |ψ(pz)|2 in the probability densities 
Eqs. (38) and (39).
A narrow momentum distribution of width �β localized 
at a resonance β = βBR ±Q/2 prefers a single process, 
emission for +Q/2 or absorption for −Q/2. On the other 
hand, for a broad distribution that covers both resonances, 
both emission and absorption occur nearly with the same 
probability, and the net gain averages out.
The separation of the resonant velocities is given by 
the recoil parameter Q and we demand �β < Q in order 
to obtain gain in the Quantum FEL. This condition can 
be cast into a more convenient form by approximating 
�β ≈ �γ/γ 3 valid for relativistic energies, γ ≫ 1. Thus, 
we arrive at the requirement
where we have recalled the definition, Eq. (32), of the 
recoil parameter.
The right-hand side of Eq. (46) represents the ratio of 
the quantum mechanical recoil to the momentum of the 
electron in the laboratory frame. This ratio is of course very 
small which makes the condition on the energy spread of 
the electrons the most difficult hurdle to realize the Quan-
tum FEL in an experiment.
We can also express the relation Eq. (46) in terms of the 
energy scaled γ0 of the free electron, that is,
with the Compton wavelength C ≡ h/(m0c) of the elec-
tron. In the derivation of Eq. (47), we have used Eqs. (8) 
and (28), set γBR ∼= γ and have employed the resonance 
condition, Eq. (27).
When we compare Eq. (47) with Eq. (2), derived in 
Ref. [12], we recognize that the formulas are similar with 
the difference that the effect of the effective momentum, 
visible in the factor 1+ a20, was neglected in Ref. [12]. 
5 The proportionality of α to γ−3 in Eq. (37) of Ref. [12] emerges 
when we take into account the dependencies of the coupling constant 




























Fig. 1  Transition from the classical FEL (top) to the Quantum FEL 
(bottom) illustrated by the behavior of the selectivity functions S2±, 
Eq. (43), for single-photon emission S2+ (green curve) and absorption 
S2− (black curve) as functions of the scaled velocity β of the electron 
in the laboratory frame. While S2+ and S
2
− overlap in the classical 
regime shown here for ωrt = 0.05, we obtain well-separated reso-
nances for the Quantum FEL exemplified by ωrt = 5
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However, for reasonable parameters, a0 ∼ O(1), both 
results differ only by a small amount.
3.4  Higher‑order processes
So far, we have only considered single-photon processes 
which is in contrast to the classical FEL where many pho-
tons are relevant. This fact implies that many momentum 
levels are involved in the interaction.
Therefore, to prove that processes which include more 
than the two resonant momenta, Q/2 and −Q/2, are sup-
pressed in the quantum regime, we have to take into account 
higher orders of the perturbative solution of Eq. (34). This 
calculation, which is analogous to the one presented in 
Ref. [12], is explicitly performed in Appendix C.
Indeed, we find that multi-photon processes are sup-
pressed with powers of α ≪ 1, which is equivalent to a 
negligible population in higher momentum states. Thus, we 
really can identify the Quantum FEL as a two-level system 
for the momentum levels of the electron.
4  Conclusion and outlook
In conclusion, we have rederived the conditions for the 
Quantum FEL, Eqs. (45) and (47). Originally these con-
straints were introduced in Ref. [12]. We have now veri-
fied that both approaches, the relativistic one in the labora-
tory frame and the nonrelativistic in the Bambini–Renieri 
frame, yield equivalent results.
A relativistic effect which is not contained in our cur-
rent model is the so-called slippage [38]. When no cavity is 
present, the laser field which propagates with the speed of 
light is slightly faster than the electrons, β  1, and can slip 
over the electron bunch during the interaction. The inclu-
sion of slippage and the development of a many-electron 
model, which is essential for the high-gain regime, repre-
sent necessary ingredients of a theory for a self-amplified 
spontaneous emission (SASE) FEL in the quantum regime. 
Both topics will be considered in future publications.
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Appendix A: Furry picture for scalar quantum 
electrodynamics
In this appendix, we derive, starting from basic principles, 
the model introduced in Sect. 2, namely the Furry or bound 
interaction picture [21] for a scalar field [19]. Here we first 
discuss the classical Klein–Gordon and Maxwell fields, as 
well as their interaction. Then we perform second quantiza-
tion in the Schrödinger picture, before we finally investi-
gate the transformation to the Furry picture. We conclude 
by presenting the Hamiltonian in the Furry picture.
Lagrangian formulation
We start from the classical Lagrangian density [39]
for the Klein–Gordon field ϕ = ϕ(x) interacting with an 
electromagnetic field described by the four-potential Aµ.
The dynamics of the free Klein–Gordon field is deter-
mined by
with the electron mass m0, the speed of light c and the 
reduced Planck constant  ≡ h/2π.
The free Maxwell field evolves in time according to the 
Lagrangian density
where we have introduced the field tensor
and the vacuum permeability µ0.
The interaction Lagrangian
is chosen such that the Euler–Lagrange equation with 
respect to ϕ∗(x), that is,
leads to the Klein–Gordon equation
with minimal coupling pˆµ → pˆµ − eAµ(x) between the 
operator pˆµ ≡ i∂µ for the four-momentum and the poten-
tial Aµ(x).




























)2 − m20c2]ϕ(x) = 0
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When we compute the corresponding Euler–Lagrange 
equations for Aµ, we obtain the Maxwell equations
where Aµ is driven by the four current
which represents a conserved quantity for Eq. (53), in the 
sense that ∂µjµ(x) = 0.
Hamiltonian formulation
In order to find a quantized theory for this interaction, we 
change to the Hamiltonian formalism of field theory. To 
simplify the calculations, we choose from the beginning the 
gauge
and
since we are only interested in the transverse degrees of 
freedom. In this way, we avoid that the momentum density
of the Klein–Gordon field is coupled to φ. The fact that we 
recover the same results as if we would have retained φ and 
set it to zero at the end of the calculations [19] justifies this 
procedure.
With the help of Eq. (49), we obtain
and thus arrive at the Hamiltonian density
with
for the free Klein–Gordon field,
for the interaction and HM as the Hamiltonian density [39] 













(57)∇ · A(x) = 0
(58)π(x) ≡ ∂L/∂ϕ˙(x)
(59)π(x) = (2/c)ϕ˙∗(x)





















Quantization in Schrödinger picture
Next we perform second quantization in the Schrödinger 
picture where the Klein–Gordon field operator ϕˆS(r) and 
its conjugate momentum πˆS(r) fulfill the commutation 
relations
while all other possible combinations of commutators 
vanish.
We emphasize that the operators ϕˆS(r) and πˆS(r) do not 
depend on time in contrast to their classical counterparts 
ϕ(x) ≡ ϕ(ct, r) and π(x) ≡ π(ct, r). In the Schrödinger pic-
ture, all dynamics is contained in the state vector |ΨS(t)� for 
the electron and the electromagnetic field and follows from 
the Schrödinger equation
Here we have replaced all fields and momenta by their 
operators in the Hamiltonian
The Furry picture is most convenient when the interaction 
with the electromagnetic field consists of two parts: one 
due to an external field which is treated as classical and 
fixed, which is its depletion is neglected, and one with a 
quantized field.
In our case, we identify these two components as the 




Here we have fixed the dynamics of the wiggler field in 
the time-dependent potential AW(x) ≡ AW(ct, r), while the 
operator AˆL(r) is independent of time.





























(66)Aˆµ(x) = AˆµL(r)+ A
µ
W(x).
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From these expressions, we observe two important aspects: 
(1) Although we use the Schrödinger picture, the Ham-
iltonian HˆW is explicitly time dependent. This feature 
originates from the fact that we have used for the wiggler 
a time-dependent classical field instead of a field operator 
in the Schrödinger picture. By prescribing the dynamics of 
the wiggler, we have already incorporated the free motion 
of this field mode.
(2) We realize that HˆL still contains a term linear in 
A
µ
W. This linear contribution arises as the cross-term to 
the square A2 in Eq. (62) of the sum in Eq. (66). Later 
on, we shall recognize that this term is crucial for the 
FEL.
Transformation to the Furry picture
Similar to the transition into the familiar interaction pic-
ture, we obtain the Furry picture by transforming the origi-
nal state |ΨS(t)� by a unitary operator V(t) such that
With the help of the Schrödinger equation, Eq. (64), the 
time derivative of the new state |ΨF(t)� reads
If we demand the Schrödinger-like equation
for V(t), we arrive at the time evolution
with
for the state |ΨF� which is focused on the interaction with 
the laser field. Indeed, the Hamiltonian HˆF in this picture is 

























































When we examine Eq. (72), we notice the difficulties to 
specify the explicit form of the transformation matrix V 
for the Furry picture, since we are dealing with the time-
dependent Hamiltonian HˆW. Indeed, we find the time-
ordered exponential [36]
for V(t), in contrast to the simple exponential in the ordi-
nary Dirac picture.
Only the operator of the electromagnetic field can be 
written in the same form as in the familiar interaction pic-
ture, because the Hamiltonian of the Maxwell field com-
mutes with the other contributions in HˆW.
Nevertheless, we can formulate the equation of motion
for the field operator of the Klein–Gordon field where we 
have used Eq. (72) and the fact that ϕˆS(r) is independent of 
time in the Schrödinger picture.
The evaluation of the commutator in Eq. (79), with the 
help of Eqs. (63) and (68), yields
In a similar way, we compute
and observe that the field operator in the Furry picture ful-
fills the Klein–Gordon equation in the external wiggler field
Hence, we can expand the field operator in terms of solu-
tions of this equation of motion. This procedure is analo-
gous to the ordinary interaction picture, where the field 
operator is expanded in solutions of the free Klein–Gordon 
equation. The task is, of course, to find a solution of this 
external field problem, Eq. (82), which in case of a plane 
wave field is given by the Volkov solution [22], as dis-
cussed in Appendix B.
Hamiltonian in the Furry picture
We conclude by noting that the interaction Hamiltonian 
defined by Eq. (74) can be written as




















































)2 − m20c2]ϕˆF(x) = 0.
(83)HˆF = e
∫
d3r jˆF(x) · AˆL(x)
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where the electron current jˆ couples to the laser field AˆL. 
Here we have neglected the term proportional to Aˆ2L(x) and 
have recalled from Eq. (55) that the current
is conserved.
For the sake of clarity, we omit in the main body of this 
article the subscript F indicating the Furry picture. Since, 
apart from this appendix, no quantities outside the frame-
work of the Furry picture are considered, this procedure 
seems justified.
Appendix B: Volkov solution for Klein–Gordon 
equation
The term ‘Volkov solution’ usually refers to a solution of 
the Dirac equation coupled to an external electromagnetic 
field in the form of a plane wave and was derived in 1935 
by D. M. Volkov [22]. However, in the present context 
‘Volkov solution’ refers to a solution of the corresponding 
problem of the Klein–Gordon equation. In this appendix, 
we rederive [19] the Volkov solution in the case of an opti-
cal undulator described by the potential
given by Eq. (4).
In order to solve the equation
we note that AµW depends only on the phase ξ ≡ kW · x and 
assume that the free field solution is only modified by a 
function f = f (ξ). This assumption gives rise to the ansatz
Here pµf  describes the free four-momentum of the electron 
and fulfills the relation pf · pf = m20c2, while N  is a nor-
malization constant.
In addition, we demand for a one-dimensional theory 
that before the electron enters, the wiggler its momentum 
is parallel to the propagation direction of the field, corre-
sponding to the relation
Since the potentials are transverse, all scalar products 
between the four-wave vectors and the four-potentials van-





























)2 − m20c2]ϕ(x) = 0
(87)ϕ(x) = N f (ξ) e−ipf·x/.




Under these assumptions, we insert the ansatz Eq. (87) 
into Eq. (86) and obtain the first-order differential equation
for f with f ′(ξ) ≡ df (ξ)/dξ. Here we have made use of the 
identity A2W(x) = −2A˜2W valid for circular polarization.
Crucial for the change from a second-order differential 
equation, Eq. (86), to a first-order one, Eq. (90), is the fact 
that the only term with a second derivative, that is, the con-
tribution −2kW · kW f ′′(ξ) vanishes due to the dispersion 
relation kW · kW = 0 for the wiggler field.
Although the dispersion relation for the four-wave 
vector is correct only in the case of a laser wiggler the 
second derivative can still be neglected [19, 20] in the 
magnetostatic case. Indeed, the corrections due to the 
second derivative scale with a20/γ
2
0 , which is negligi-
ble for all reasonable values of the field strength of a 
wiggler.
The solution of the differential equation, Eq. (90), reads
where we have paid attention to the constraint that f should 




When we combine all terms we obtain the Volkov solu-
tion [19]
where we have defined the effective momentum
of the electron in the wiggler field which fulfills the modi-
fied energy–momentum relation
with the effective mass m.
The normalization constant N  follows from the condi-
tion that the integral of the density, i.e., zeroth component 
of the four current, Eq. (55), divided by c, over the quanti-
zation volume V yields unity, that is,
(89)kW · AW = 0
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 . In conclusion, we observe that, similar to the free field 
case, the solution of Eq. (86) is a plane wave where the 
free momentum pf is replaced by the effective momentum 
p which takes the effect of the wiggler field into account. 
Due to the linearity of the problem any other solution of 
Eq. (86) can be expanded in plane waves of this kind.
Appendix C: Two‑photon processes
In this appendix, we show that higher-order photon pro-
cesses are suppressed. For this purpose, we first analyze the 
influence of two-photon transitions within our perturbative 
approach and demonstrate that they scale with α2. We con-
clude by briefly analyzing the general case.
The second-order terms in the expression Eq. (34) for 
the time evolution operator lead to the evolved state
for the initial state |n, pz�. Apart from the contributions with 
Hˆem(t2)Hˆem(t1) representing two-photon emission, and 
with Hˆabs(t2)Hˆabs(t1) representing two-photon absorption, 
there also emerge cross-terms with Hˆabs(t2)Hˆem(t1) and 
Hˆem(t2)Hˆabs(t1) describing processes where the number 
of photons remains unchanged. We omit the latter ones and 
discuss only the two-photon transitions.
From a calculation analogous to the single-photon case 
we obtain the probability density
for two-photon emission, and the probability density
for two-photon absorption. Both expressions are weighted 
with the initial momentum distribution |ψ(pz)|2.
Moreover, we have defined the selectivity functions



















n(n− 1) E (−2)|ψ(pz)|2
(99)















As shown in Fig. 2, the dominant maxima of E (±2) are 
located at β = βBR ±Q as expected from energy–momen-
tum conservation, Eq. (31). However, there are also less 
pronounced maxima separated from these major ones by 
Q/2.
The probability for two-photon emission, Eq. (97), is 
maximized for β − βBR = Q where we can estimate
Thus, the probability for this process scales as
where we have used the definitions Eqs. (44) and Eq. (45) 
of the recoil frequency and the quantum parameter α, 
respectively.
On the other hand, the maximum probability for single-
photon emission, Eq. (38), scales with
and we arrive at the ratio



































Fig. 2  Selectivity functions E (+2) (red curve) or E (−2) (blue curve) 
for two-photon emission or absorption, defined by Eq. (99), in the 
quantum regime for ωrt = 5, as functions of the scaled velocity β of 
the electron. Although minor maxima exist, the dominant ones are 
located at β = βBR ±Q as predicted by energy–momentum conser-
vation
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This relation demonstrates that in a Quantum FEL 
defined by α ≪ 1, two-photon emission is strongly sup-
pressed in comparison with the single-photon transition. 
Since processes involving more than two photons occur 
only at even higher orders of perturbation theory, we argue 
that these processes are suppressed with corresponding 
powers of α.
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